On certain spanning subgraphs of embeddings with applications to domination  by Plummer, Michael D. & Zha, Xiaoya
Discrete Mathematics 309 (2009) 4784–4792
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
On certain spanning subgraphs of embeddings with applications to
domination
Michael D. Plummer a,∗, Xiaoya Zha b
a Department of Mathematics, Vanderbilt University, Nashville, TN 37240, USA
b Department of Mathematical Sciences, Middle Tennessee State University, Murfreesboro, TN 37132, USA
a r t i c l e i n f o
Article history:
Received 16 January 2007
Accepted 4 June 2008
Available online 21 July 2008
Dedicated to Anthony Hilton
Keywords:
Dominating set
Domination number
Embedding
Surface
Klein bottle
Torus
Triangulation
Representativity
Spanning subset
a b s t r a c t
Weprove the existence of certain spanning subgraphs of graphs embedded in the torus and
the Klein bottle. Matheson and Tarjan proved that a triangulated disc with n vertices can
be dominated by a set of no more than n/3 of its vertices and thus, so can any finite graph
which triangulates the plane.We use our existence theorems to prove results closely allied
to those of Matheson and Tarjan, but for the torus and the Klein bottle.
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1. Introduction
IfΦ is an embedding of graphG in a surface S, and there exists a subset K ofΦ bounded by a subgraph ofGwhich contains
all the vertices of G, we call K a spanning subset of Φ . In many cases the spanning subset obtained happens to be a closed
disc or an annulus i.e., a sphere with some number of holes. (Note that the sphere with two holes is, in fact, just a cylinder.)
A spanning subsetmay provide a simpler structure, yet still enough information, to approach certain problems about graphs
embedded in surfaces. In [31], Thomassen showed that if the representativity of a triangulation is sufficiently large, then the
embedding contains a planarizing set which leads to the existence of a spanning annulus with 2n holes where the surface
is Sn, a sphere with n handles. (This technique has come to be called the method of planarizing cycles.) He then used this
spanning subgraph to show that the original graph is 5-colorable. Using a similar technique, in a separate paper [32], he also
obtained a spanning tree of maximum degree four, when the representativity is sufficiently high. Spanning subgraphs of
embedded graphs having additional properties such as circuit graphs, k-coverings, annulus graphs and spanning subgraphs
of bounded degree have been studied by Yu [34], Kawarabayashi [14], Böhme, Mohar and Thomassen [2], Kawarabayashi,
Nakamoto and Ota [15,16], Ellingham and Kawarabayashi [6], Gao [9] and Brunet, Ellingham, Gao, Metzlar and Richter [3].
In [8], Fiedler et al. showed that any 3-connected graph embedded in the projective plane has a spanning disc and they then
used this fact to determine the orientable genus of projective graphs in terms of the representativity of the embeddings of
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these graphs in the projective plane. Aldred, Kawarabayashi and Plummer have applied the concept of planarizing cycles in
some very recent work on matchings in embedded graphs [1].
In the present paper, first it is shown that embeddings of 3-connected graphs in the torus and in the Klein bottle with
representativity at least three contain, respectively, a spanning cylinder and a spanning annulus subgraph with certain
properties. Second, these results are then applied to the study of the domination number of graphs embedded in these
surfaces.
A set S of vertices of a graph G is said to dominate G if every vertex of G is either in S or adjacent to a vertex in S. The
domination number of graph G is the cardinality of any smallest dominating set in G and is denoted by γ (G).
The problem of determining the domination number of a graph is well-known to be NP-complete, even when the graph
is planar. (See [10].) Due to the NP-completeness of exact domination, it is not surprising that there has been considerable
effort devoted to bounding the domination number. In this paper we shall denote the minimum degree of a graph G by
δ(G). Ore [25] showed that if graph G has no isolated vertices (that is, δ(G) ≥ 1), then γ (G) ≤ |V (G)|/2. McCuaig and
Shepherd [22] showed that if δ(G) ≥ 2 (and G is not one of seven exceptional graphs), then γ (G) ≤ (2/5)|V (G)|. For graphs
with δ(G) ≥ 3, it was next shown by Reed [26,27] that γ (G) ≤ (3/8)|V (G)|. In [11] there appeared the general conjecture
that for δ(G) = k ≥ 4, γ (G) ≤ k/(3k−1) and itwas pointed out there that by a result of Caro andRoditty [4,5] this conjecture
is true for k ≥ 7. In a sequence of subsequent papers [24,30,33,12] the conjecture was confirmed for the remaining cases.
In [26], Reed also conjectured that in the special case of cubic graphs, γ (G) ≤ d|V (G)|/3e. Recently, however, Kostochka
and Stodolsky [18] found infinitely many counterexamples to Reed’s conjecture, but subsequently showed [19] that for any
connected cubic graph G with |V (G)| > 8, γ (G) ≤ (4/11)|V (G)|. (Cf. [13,7].) Both Kawarabayashi, Plummer and Saito [17]
and Kostochka and Stodolsky [19] showed that Reed’s bound is asymptotically correct as the girth of the graph increases.
More recently, Löwenstein and Rautenbach [20] obtained a sharper girth bound for girth at least five and in fact confirmed
Reed’s conjecture for cubic graphs having girth at least 83.
Reed’s d|V (G)|/3e upper bound has been shown to hold for graphs with minimum degree at least three (and hence for
cubic graphs) which are claw-free. (Cf. [13,7].) Molloy and Reed [23] showed that for a cubic graph G, .236|V (G)| ≤ γ (G) ≤
.3126|V (G)|with asymptotic probability 1.
If a graph embedded in the plane has all faces triangles, except, perhaps, for the infinite face, we call the embedded graph
a triangulated disc. (As usual, if the boundary of each face of the embedded graph is a triangle and any two face boundaries
intersect either in a single edge, a single vertex or not at all, we call the embedding a triangulation.) In [21], Matheson and
Tarjan proved that every triangulated disc with n vertices can be dominated by nomore than bn/3c of its vertices. They also
show that this bound is sharp by exhibiting an infinite family of triangulated discs each of which has domination number
exactly bn/3c. An immediate corollary to the Matheson–Tarjan result says that any spherical triangulation on n vertices has
domination number nomore than bn/3c. It is easy to see that the bound bn/3c also holds for triangulations of the projective
plane.
In the present paper we study spanning subsets of embeddings in the torus and the Klein bottle. First, we show
that embeddings of 3-connected graphs in the torus and in the Klein bottle with representativity at least three contain,
respectively, a spanning cylinder and a spanning annulus subgraph with certain properties. Second, we then apply these
results to the study of the domination number of the graphs by showing that the bound dn/3e holds for triangulations of
the torus and the Klein bottle.
2. Spanning subgraphs of toroidal and Klein bottle embeddings
Let Φ : G −→ S be an embedding of graph G in surface S. The representativity (or face-width) of this embedding is the
smallest number k such that S contains a non-contractible simple closed curve that intersects the graph in k vertices. If there
exists a subset K ofΦ(G)which contains all the vertices of G and which is bounded by a subgraph of G, we call K a spanning
subset of Φ(G). Finally, if X is a region as usual we denote the boundary of X by ∂X .
For many problems it is natural to seek a 2-connected spanning subgraph; for example, see [3,9]. Let H be a subgraph of
graph G. A bridge B of H is a subgraph of G which is either an edge with both endvertices in H or the union of a connected
component K of G\H together with the edges which join K to H and their incident vertices. If B is a bridge of H , then we call
each vertex in B∩H a vertex of attachment (or simply an attachment) of B on H . If B is a single edge, we call B an edge bridge.
Let C be a cycle in graph G and let u and v be two vertices of C . Assign a clockwise orientation to C . Then C[uv] denotes
the path of C from u to v and similarly, C[vu] denotes the path of C from v to u, where both paths are chosen to follow the
clockwise orientation. A 2-separation of a graph G is a pair {H1,H2} of subgraphs of G such that G = H1∪H2,H1∩H2 consists
of two isolated vertices and both H1 and H2 have at least 2-edges. An annulus graph [3] is a triple (G, C1, C2) such that:
(1) G is 2-connected;
(2) C1 and C2 are cycles of G;
(3) there is an embedding of G in the plane with both C1 and C2 bounding faces; and
(4) if (H, K) is a 2-separation in G, then C1 ∪ C2 6⊂ H and C1 ∪ C2 6⊂ K .
An embedded annulus graph with C1∩C2 = ∅ is also called a cylinder, and an embedded annulus graph with C1∩C2 6= ∅
is also called a degenerate cylinder. A region R is called a chain of discs R = R1 ∪ R2 ∪ · · · ∪ Rn, each Ri is a disc bounded by a
cycle of G and Ri ∩ Ri+1 = vi ∈ V (G) and Ri ∩ Rj = ∅ if |i− j| > 1. If also R1 ∩ Rn = vn ∈ V (G) then R is called a ring of discs.
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Fig. 2.1.
A ring of discs is in fact a degenerate cylinder. If each Ri is a trangulated disc, then R is called a chain (respectively, ring) of
triangulated discs. A circuit graph [3] is the special case of an annulus graph where C1 = C2 = C , and is denoted by (G, C).
(Equivalently, a circuit graph is sometimes defined as the graph resulting when one deletes one vertex from a 3-connected
plane graph.)
The following theorem is found in [3].
Theorem 2.1. Let G be a 3-connected graph embedded in the torus or the Klein bottle. Then there is a spanning subgraph H of G
such that H is either a circuit graph or an annulus graph. 
A spanning circuit subgraph of a toroidal embedding or a Klein bottle embedding is a spanning disc. A non-contractible
spanning annulus subgraph of a toroidal embedding is a cylinder whose two boundary cycles are homotopic and are
nonseparating cycles in the torus. A non-contractible spanning annulus subgraph of a Klein bottle embedding is a cylinder
the twoboundary cycles ofwhich are homotopic and are either noncontractible separating cycles in theKlein bottle (i.e., both
separate the two cross-caps) or noncontractible orientation-preserving nonseparating cycles. (i.e., each passes through both
cross-caps).
In order to find a small dominating set, we strengthen the spanning annulus results of toroidal and Klein bottle
embeddings in Theorem 2.1 by means of the following theorem.
Theorem 2.2. Let G be a 3-connected graph and Φ : G −→ Σ be an embedding of G in the torus or the Klein bottle. Suppose
Ψ (G) has a spanning annulus subgraph Y which is a cylinder bounded by two disjoint homotopic cycles C1 and C2. Then
(1) Y contains a closed disc D bounded by a null homotopic cycle P = C1[x2x1] ∪ Px1y1 ∪ C2[y2y1] ∪ Px2y2 , where x1 and x2 are
two vertices on C1, y1 and y2 are two vertices on C2, and Px1y1 and Px2y2 are disjoint paths joining C1 and C2. All bridges of D
in Y are either edges contained in Y \ D joining Px1y1 to Px2y2 , or possibly a non-edge bridge B1 or B2 (if any), where B1 has{x1, x2} as its vertices of attachment and B2 has {y1, y2} as its vertices of attachment.
(2) If, in addition,Φ is a triangulation, then Y \ D contains edges x1x2 and/or y1y2, and thus B1 and/or B2 are triangulated discs.
(See Fig. 2.1 for the case when the embedding is in the torus.)
Proof. Since Y is 2-connected, by Menger’s theorem there exist two disjoint paths Px1y1 and Px2y2 in Y from C1 to C2, with
xi ∈ C1, i = 1, 2 and yi ∈ C2, i = 1, 2. These two paths separate Y into two discs D and D′(= Y \ D). We choose Px1y1 and
Px2y2 such that D contains as many faces as possible. The disc D is bounded by ∂D = C1[x2x1] ∪ Px1y1 ∪ C2[y2y1] ∪ Px2y2 and
D′ is bounded by ∂D′ = C1[x1x2] ∪ Px1y1 ∪ C2[y1y2] ∪ Px2y2 .
We now consider the bridges ofD in Y . All such bridges are contained inD′. SinceD is maximal,D′ does not have any edge
with both endvertices on Px1y1 or Px2y2 . An edge contained in D
′ with one endvertex on Px1y1 and the other endvertex on Px2y2
is an edge bridge ofD in Y . Let B be a bridge ofD in Y which is not an edge bridge. Since Y is 2-connected, Bmust have at least
two vertices of attachment on ∂D. If B has at least three attachments on ∂D then two of the attachments must be on Px1y1
or Px2y2 . We can then replace Px1y1 (or Px2y2 ) to expand D to include more faces of Y , a contradiction. Therefore all non-edge
bridges of D in Y have exactly two attachments on ∂D with one attachment on Px1y1 and the other attachment on Px2y2 . Let
B be a non-edge bridge of D in Y , and u1 and u2 be two attachments of B on ∂Dwith u1 ∈ Px1y1 and u2 ∈ Px2y2 . We claim that
either u1 = x1 and u2 = x2 or u1 = y1 and u2 = y2. Suppose the claim is false and one of u1, u2, say u1, is not an endvertex
of Px1y1 . Since B is a non-edge bridge, B contains a vertex v which lies in D
′ \ Px1y1 \ Px2y2 . There must exist two paths Q1 and
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Q2 in D′ from v to u1 and a vertex in the interior of C1[x1x2] or the interior of C2[y1y2] since G is 3-connected. Then we can
expand D by replacing part of Px1y1 with a path contained in Q1 ∪ Q2, a contradiction. Therefore u1, u2 ∈ {x1, x2, y1, y2}. If
u1 = x1 and u2 = y2 or u1 = y1 and u2 = x2 then we can extend D via a similar argument. Hence the claim is true. If there
is more than one bridge with x1 and x2 as attachments, then one of them is contained in the interior of D′ except for the
two attachment vertices. Therefore {x1, x2} is in fact a vertex-cut in G of size two, violating the connectivity hypothesis on
G. Hence D can have at most two non-edge bridges, and if it has two, one must have x1 and x2 as attachments (call it B1) and
the other has y1 and y2 as attachments (call it B2). Hence part (1) of the theorem is proved.
Wenowsuppose that the embedding is a triangulation. Let uv be an edge of Px1y1 . Then uv lies on the boundaries of exactly
two triangular faces of the embedding, one of which lies in D and the other in D′. Consider the triangular face containing
uv which lies in D′ and let w be its third vertex. If w 6∈ Px2y2 , then D is not maximal, a contradiction. Therefore w ∈ Px2y2 .
Similarly, if uv is an edge in Px2y2 , then triangle uvwu contained in D
′ must have its third vertexw on Px1y1 .
Let x1z1 be the edge of Px1y1 incident with x1 and let x1z1w1x1 be the triangle in D
′ containing edge x1z1. Similarly, let
x2z2 be the edge of Px2y2 incident with x2 and let x2z2w2x2 be the triangle in D
′ containing edge x2z2. Then w1 ∈ Px2y2 and
w2 ∈ Px1y1 . Ifw1 = x2, then x1x2 is an edge. Ifw1 is not x2, thenw2 must be x1. Therefore x1x2 is also an edge. Similarly, y1y2
is an edge and part (2) is also proved. 
Corollary 2.3. Let G be a 3-connected graph and Φ : G −→ T be a 3-representative embedding of G in the torus T . Then the
conclusion of Theorem 2.2 holds.
Proof. By Theorem 2.2, we only need to show that Ψ (G) contains a spanning cylinder. Since the representativity ofΦ(G) is
at least three, by [29, Theorem 1] G has two disjoint non-null homotopic cycles C1 and C2. These two cycles together divide
the torus into two cylinders. Name one of the cylinders Y and the other cylinder T \Y . Wemay assume C1 and C2 are chosen
among all homotopic classes such that Y contains as many faces of Ψ as possible.
We claim that Y ⊇ V (G). It suffices to show that the interior of the cylinder T \ Y contains no vertex of G. Suppose, to the
contrary, that there is such an interior vertex x. By the 3-connectivity of G, there are at least three internally disjoint paths
from x to three different vertices of C1 ∪ C2 and hence without loss of generality, there are at least two such paths ending
on C1. Call them P1 and P2. Then P1 and P2, together with a subpath of cycle C1, bounds a disc D. But then D ∪ Y is a cylinder
contradicting the choice of Y . Therefore Y is a spanning cylinder. 
Note. Corollary 2.3 claims that any embedding of a 3-connected graph in the torus with representativity at least three has
a spanning cylinder which in turn contains a maximal disc (not necessarily a spanning disc) having at most two non-edge
bridges. The result cannot be improved to guarantee the existence of a spanning disc (instead of spanning cylinder) since,
for example, the dual of the embedding of K7 on the torus (unique under the surface homeomorphism) is a 3-representative
embedding, but has no spanning disc. The underlying graph of the dual embedding is sometimes known as the Heawood
graph.
Next, we turn to embeddings in the Klein bottle P (2). The spanning annulus subgraph results provided in Theorem 2.1,
together with Theorem 2.2 and Lemma 3.2, will suffice for us to prove the desired domination results using a theorem
by Matheson and Tarjan [21]. As mentioned earlier, embeddings in the Klein bottle may have two different types of non-
contractible spanning annuli. To show the existence of a certain spanning subset, we provide the following result for
embeddings in the Klein bottle. First we introduce the concept of essential edge. LetM be a Möbius band and H be a graph
embedded inM . Suppose the boundary ofM is a cycle in H . An edge e = uv is essential if u, v ∈ C and both cycles e∪ C[uv]
and e ∪ C[vu] are noncontractible inM .
Theorem 2.4. Let G be a 3-connected graph and Ψ : G −→ P (2) be an embedding of G in the Klein bottle with representativity
at least three. Then
(1) Ψ (G) contains a spanning cylinder or degenerate cylinder R bounded by two homotopic noncontractible separating cycles C1
and C2. The region R separates the Klein bottle into two Möbius bands M1 and M2.
(2) Both M1 and M2 contain only essential edges.
(3) If R is a cylinder then R contains a closed disc D such that D is bounded by a null homotopic cycle P = C1[x2x1] ∪ Px1y1 ∪
C2[y2y1]∪Px2y2 , where x1 and x2 are two vertices on C1, y1 and y2 are two vertices on C2, and Px1y1 and Px2y2 are paths joining
C1 and C2. All bridges of D in R are either an edge bridge contained in R\D joining Px1y1 to Px2y2 or possibly a non-edge bridge
B1 or B2 where B1 has {x1, x2} as its vertices of attachment and B2 has {y1, y2} as its vertices of attachment.
(4) If, in addition,Φ is a triangulation, then R \D contains edges x1x2 and y1y2, and thus B1 and/or B2 are triangulated discs. (See
Fig. 2.2.)
Proof. It is known (cf. [28]) that every embedding in the Klein bottle with representativity at least three has a non-
contractible separating cycle which separates the Klein bottle into two Möbius bands. Let us denote the two halves of this
separation byM1 andM2 respectively.
Among all such separating cycles, choose one, denoted by C1, such thatM2 contains as many faces of Φ as possible (See
Fig. 2.3.)
Each side of the {M1,M2} separation is a projective plane with a disc removed; i.e., is a Möbius band.
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Fig. 2.3.
We claim thatM1 contains no vertices in its interior, and henceM1 only contains vertices on its boundary and essential
edges in its interior. Suppose v is a vertex contained in the interior of M1. Since G is 3-connected, there exist three paths
lvu1 , lvu2 , lvu3 joining v to three distinct vertices u1, u2, u3 on C1.
Cap off M1 with a closed disc bounded by C1 to form a projective plane P (1). Consider two homotopic cycles (in P (1)),
Q12 = lvu1 ∪ lvu2 ∪ C1[u1u2] and Q ′12 = lvu1 ∪ lvu2 ∪ C1[u2u1]. If Q12 is null homotopic in P (1) then one of Q12 and Q ′12, say Q12,
is null homotopic in P (2) and the other (Q ′12) is homotopic to C1 in P (2). We can then replace C1 by Q
′
12 to add more faces of
Φ toM2, a contradiction to maximality ofM2. (See Fig. 2.4(a).)
ThereforeQ12 is noncontractible in P (1), and certainly noncontractible in P (2).We now consider the embedding of the path
lvu3 by adding lvu3 in the open 2-cell ofM1 bounded by C1, lvu1 and lvu2 , as indicated in Fig. 2.4(b) and (c). (Note that Fig. 2.4(c)
is just a redrawing of Fig. 2.4(b) so as to indicate the open 2-cell.) This open cell is not a closed 2-cell since vertices v, u1, u2
each appear on the boundary twice. Since u3 can be on C1[u1u2] or C1[u2u1], and v has two appearances on the boundary,
there are four possible ways to embed lvu3 in this open region. It is easy to see that, (see Fig. 2.4(c)) any such embedding
of lvu3 will allow us to replace C1 by a cycle homotopic to C1 thus adding more faces of Φ to M2, again a contradiction to
maximality ofM2. ThusM1 contains no vertices in its interior, but only essential edges with endvertices on C1, and the claim
is true. Similarly, among all such separating cycles, if we choose one, denoted by C2, such that C2 is homotopic to C1 andM1
contains as many faces ofΦ as possible, thenM2 contains vertices only on its boundary C2 and essential edges in its interior
with endvertices on C2. Since C1 and C2 are homotopic, the subgraph R bounded by C1 and C2 is clearly an annulus graph,
i.e., a cylinder or a degenerate cylinder. Thus (1) and (2) are true.
The proofs of (3) and (4) are exactly the same as in Theorem 2.2. 
3. Domination of spanning subgraphs
Matheson and Tarjan proved the following. (See Lemma 1 of [21].)
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Lemma 3.1. Every triangulated disc on n vertices has a partition of its vertex set into three dominating sets (and hence can be
dominated using nomore than bn/3c vertices). Moreover, every two consecutive vertices on the boundary cycle belong to different
sets of this partition. 
We shall need the next two extensions of Lemma 3.1.
Lemma 3.2. (1) Let R = R1 ∪ R2 ∪ · · · ∪ Rn be a chain of discs and suppose for i = 1, . . . n, each Ri has a partition of its vertex
set into three dominating sets. Then R has a partition of its vertex set into three dominating sets and thus V (R) can be dominated
by at most bn/3c of its vertices.
(2) If R = R1 ∪ R2 ∪ · · · ∪ Rn is a ring of discs then V (R) can be dominated by at most dn/3e of its vertices.
Proof. Part (1) can be proved by induction on i using Lemma 3.1. Suppose n = 2 and suppose for i = 1, 2, V (Gi) = Ai∪Bi∪Ci
is a vertex partition where each of Ai, Bi and Ci is a dominating set of Gi. Without loss of generality, we may assume that
v ∈ A1 and v ∈ A2. Then A1 ∪ A2, B1 ∪ B2 and C1 ∪ C2 is a partition of V (G) and each is a dominating set of G. For n > 2, the
proof by induction is clear.
To prove (2), we first consider R as a chain of discs (assume Rn ∩ R1 = ∅) and thus V (R) can be dominated using a set S
of at most bn/3c of its vertices. But this same dominating set S also dominates V (R) as a ring of discs. Hence (2) is true since
d(m− 1)/3e ≤ bm/3c. 
For i = 1, 2, let Gi be a connected graph and suppose {xi, yi} ⊆ V (Gi). Let G denote the graph obtained by identifying x1
with x2 and y1 with y2. (Note that G1 and G2 are often called the lobes of graph G. See Fig. 3.1.)
Lemma 3.3. Let G1,G2 and G be as above and let Vi = V (Gi), for i = 1, 2. Suppose Ai ⊆ Vi is a dominating set for Gi, for
i = 1, 2. Then if |Ai| ≤ b|Vi|/3c and any of the following five conditions is satisfied, then A = A1 ∪ A2 is a dominating set for G
and |A| ≤ b|V (G)|/3c.
(1) |A1| < b|V1|/3c,
(2) |A2| < b|V2|/3c,
(3) |V1| ≡ 2(mod 3),
(4) |V2| ≡ 2(mod 3),
(5) |V1| ≡ 1(mod 3) and |V2| ≡ 1(mod 3).
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Proof. Since (1) and (2) are symmetric as are (3) and (4), we need only treat (1), (3) and (5). Note that in all cases,
|V (G)| = |V1| + |V2| − 2.
First, suppose (1) holds. Then b|V (G)|/3c = b(|V1|+|V2|−2)/3c ≥ b|V1|/3c+b(|V2|−2)/3c ≥ b|V1|/3c+b|V2|/3c−1 ≥
|A1| + |A2| ≥ |A|.
Suppose next that (3) holds. Then b|V (G)|/3c = b(|V1|+|V2|−2)/3c ≥ b(|V1|−2)/3c+b|V2|/3c = b|V1|/3c+b|V2|/3c ≥
|A1| + |A2| ≥ |A|.
Finally, if (5) holds,we have b|V (G)|/3c = b(|V1|+|V2|−2)/3c ≥ b(|V1|−1)/3c+b(|V2|−1)/3c = b|V1|/3c+b|V2|/3c ≥
|A1| + |A2| ≥ |A|. 
Lemma 3.4. Let G1,G2,G, A, A1 and A2 be as in Lemma 3.1. Then if |Ai| ≤ b|Vi|/3c, for i = 1, 2, then |A| ≤ dV (G)|/3e.
Proof. The desired result follows from Lemma 3.3, unless |A1| = b|V1|/3c and |A2| = b|V2|/3c and one of the following
three cases holds:
(1) |V1| ≡ 0(mod 3) and |V2| ≡ 0(mod 3), or (2) |V1| ≡ 1(mod 3) and |V2| ≡ 0(mod 3), or (3) |V1| ≡ 0(mod 3) and
|V2| ≡ 1(mod 3).
By symmetry, we need treat only cases (1) and (2).
Suppose (1) holds. Then let |V1| = 3s and |V2| = 3t . Then |V (G)|/3 = (|V1|+|V2|−2)/3 = (3s+3t−2)/3 = s+ t−2/3,
and so d|V (G)|/3e = s+ t . On the other hand, |A| ≤ |A1| + |A2| = b|V1|/3c + b|V2|/3c = s+ t and the result follows.
So suppose (2) holds and let |V1| = 3s+ 1 and |V2| = 3t . Then |V (G)|/3 = (|V1| + |V2| − 2)/3 = (3s+ 1+ 3t − 2)/3 =
s+t−1/3 andwehave d|V (G)|/3e = ds+t−1/3e = s+t . On the other hand, |A| ≤ |A1|+|A2| ≤ b|V1|/3c+b|V2|/3c = s+t ,
and the result follows. 
Theorem 3.5. If G is a triangulation of the torus, then γ (G) ≤ d|V (G)|/3e.
Proof. Since G is a triangulation of the torus, the representativity of the embedding is at least three. By Corollary 2.3, graph
G has a spanning subgraph Gs which is composed of a contractible disc G0 with at most two non-edge bridges G1 and G2 such
that each of these bridges has two vertices of attachment on ∂G0. (See Fig. 3.2.)
Clearly, any dominating set for Gs is a dominating set for G. Let Vi = V (Gi), for i = 0, 1, 2. Again, we consider cases
according to the sizes of these three setsmodulo 3. If one of |V1|, |V0|, |V2| is congruent to two,modulo 3 or if |V0| is congruent
to one,modulo 3 and one of |V1| and |V2| is congruent to one,modulo 3, thenwe can apply Lemma 3.3 and then Lemma 3.4 to
obtain our result. So there remain only five cases to treat; namely, when the mod 3 residue triple, (|V1|, |V0|, |V2|), equals
(1) (0, 0, 0),
(2) (0, 0, 1),
(3) (1, 0, 0),
(4) (1, 0, 1), and
(5) (0, 1, 0).
The Matheson–Tarjan labeling algorithm found in [21] partitions the vertices of each of the three planar triangulations
G1, G0 and G2 into three disjoint dominating sets. Let us write these partitions as V (G0) = A∪ B∪ C , V (G1) = X ∪ Y ∪ Z and
V (G2) = U ∪ V ∪W .
(1) Suppose |V1| = 3r, |V0| = 3s and |V2| = 3t . Then if |A| < r, |B| < r or |C | < r or if |X | < s, |Y | < s or |Z | < s or if
|U| < t, |V | < t or |W | < t , we are done by Lemmas 3.3 and 3.4.
So we may assume that |A| = |B| = |C | = r, |X | = |Y | = |Z | = s and |U| = |V | = |W | = t . Then, without loss of
generality, suppose that x1 ∈ A and x1 ∈ X . Let A0 = A∪X∪U . Then |A0| ≤ |A∪X |+|U| ≤ |A|+|X |−1+|U| ≤ r+s−1+ t .
But then |V (Gs)| = 3r + 3s+ 3t − 4, and so d|V (Gs)|/3e = dr + s+ t − 4/3e = r + s+ t − 1 ≥ |A0| and we are done.
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(2) Suppose |V1| = 3r, |V0| = 3s and |V2| = 3t + 1. Again we are done by Lemmas 3.3 and 3.4, unless we assume,
without loss of generality, that |A| = |B| = |C | = r , |X | = |Y | = |Z | = s, |U| = |V | = t and |W | = t + 1. Again, without
loss of generality, we may assume that x1 ∈ A and x1 ∈ X . Then, if A0 = A ∪ X ∪ U , we have |A0| ≤ r + s − 1 + t and
|V (Gs)| = 3r + 3s+ 3t + 1− 4, so d|V (Gs)|/3e = dr + s+ t − 1e = r + s+ t − 1 ≥ |A0|, and again we are done.
Case (3) is symmetric to Case (2).
(4) Suppose |V1| = 3r, |V0| = 3s + 1 and |V2| = 3t . Again we are done by Lemmas 3.3 and 3.4, unless (without loss of
generality) we assume |X | = |Y | = |Z | = r, |U| = |V | = |W | = t and, say, |A| = |B| = s, but |C | = s + 1. Now if any of
x1, x2, y1, y2 ∈ A ∪ B, we are finished as in Case 2. So suppose all four of these vertices lie in C . Without loss of generality,
suppose x1 ∈ X and x2 ∈ U . Let A0 = X ∪ C ∪U . Then |A0| ≤ |X |+ |C |− 1+|U|− 1 = r + s+ 1− 1+ t− 1 = r + s+ t− 1
and d|V (Gs)|/3e = r + s+ t − 1 ≥ |A0| and we are done.
(5) Finally, suppose |V1| = 3r+1, |V0| = 3s and |V2| = 3t+1. Once again, by Lemmas 3.3 and 3.4, we need only consider
the case when |X | = |Y | = r, |Z | = r + 1, |A| = |B| = |C | = s and |U| = |V | = t , but |W | = t + 1. If x1 ∈ X ∪ Y or
x2 ∈ U ∪ V or y1 ∈ X ∪ Y or y2 ∈ U ∪ V , proceed as in case (1).
So without loss of generality we may suppose that {x1, y1} ⊆ Z and {x2, y2} ⊆ W . Now, among the four vertices
x1, y1, x2, y2, at least two must belong to A, to B or to C . Without loss of generality, let us suppose that two belong to A.
Let A′ = Z ∪ A ∪W . Then |A′| ≤ r + 1+ s− 2+ t + 1 = r + s+ t . So d|V (Gs)|/3e = dr + s+ t − 2/3e = r + s+ t ≥ |A′|
and we are done once more. This completes the proof of the theorem. 
Theorem 3.6. If G is a triangulation of the Klein bottle, then γ (G) ≤ d|V (G)/3e.
Proof. By Theorem 2.4, Ψ (G) contains a spanning cylinder or a spanning degenerate cylinder R bounded by two homotopic
noncontractible separating cycles C1 and C2. The region R separates the Klein bottle into two Möbius bandsM1 andM2. If R
is a spanning cylinder, then the proof proceeds exactly as the proof of Theorem 3.5 where the torus has a spanning cylinder.
If R is a degenerate cylinder, then this degenerate cylinder is a ring of contractible discs. But then by Lemma 3.2 we have the
desired result. 
In [8] we find the following result.
Lemma 3.7. If G is a 3-connected graph embedded in the projective plane, then G contains a spanning disc. 
Theorem 3.8. If G is a triangulation on n vertices embedded in the projective plane, then γ (G) ≤ bn/3c.
Proof. Immediate from Lemmas 3.7 and 3.1. 
In [21] the authors conjecture that if G is a (planar) triangulation with n vertices, then γ (G) ≤ bn/4c, if n is sufficiently
large. This conjecture appears to be difficult and to date remains open. Since (1) a triangulation having high representativity
behaves like a planar graph in a large neighborhood of any vertex, one cannot expect any bound asymptotically better than
Tarjan andMatheson’s conjectured bound for the plane. On the other hand, intuitively speaking, (2) the existence of handles
somehow seems to allow a vertex to dominate more vertices than in the plane. Thus we extend the conjecture of Matheson
and Tarjan to triangulations of general surfaces:
Conjecture. If graph G is sufficiently large and triangulates some surface (orientable or non-orientable), then γ (G) ≤
b|V (G)|c/4.
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